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Abstract
Iterative methods for image reconstruction such as algebraic reconstruction techniques (ART) are more
robust and ﬂexible than analytical inversion methods in handling incomplete, noisy, and dynamic data.
The major disadvantage of the iterative methods is their slow computational speed, especially for conebeam CT. In ART, the convergence speed heavily depends on the order in which the projections are
accessed. The methods for choosing the order of the projections for parallel and fan beams have been
proposed in previous studies. The Weighted Distance Scheme (WDS) which optimizes the selection in
a global sense and takes the projection selection into consideration at iteration boundaries. However,
the WDS is only adapted to the cases in which the projection views are distributed uniformly in angle
[0, π). To improve the convergence speed of the ART for cone-beam CT, an improved WDS (IWDS)
which extends the applying scale of the WDS from uniform projection sampling in [0, π) to uniform and
non-uniform projection sampling in [0, 2π) is proposed in this study. The new method is evaluated and
compared with traditional projection access schemes for circular cone-beam x-ray computed tomography
reconstruction. Experiments show that IWDS can accelerate the convergence of the reconstruction
algorithm and produce more accurate images.
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1

Introduction

Cone-beam x-ray computed tomography (CT) has two major categories of image reconstruction:
analytic methods and iterative methods. Iterative methods such as algebraic reconstruction
techniques (ART) [1] and expectation maximization (EM) [2, 3] are inherently more robust to
noise and truncation of the projections than analytic inversion methods [4, 5].
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The ART was originally proposed by Kaczmarz in 1937 [6] and was ﬁrst published for CT by
Gordon et al in 1970 [1]. Because ART applies only one ray to update the entire image at each
step, the order in which the collected data are accessed during the reconstruction procedure has
great impact on this algorithm’s convergence speed.
Several observations have been made on the improvements of the projection access systems.
However even now, there is no gold standard in this branch of tomography. Generally speaking,
Random Access Scheme (RAS) [7], Prime Number Decomposition (PND) principle [8], Multilevel
Access Scheme (MLS) [9], Weighted Distance Scheme (WDS) [10] and Golden ratio-based (GR)
ordering [11] are considered eﬀective ordering.
Among the existing projection access systems, the MLS is only adapted to the case that the
projections uniformly distributed in angle [0, π). Though the PND can be applied to the angle
[0, π) or [0, 2π), it is also only adapted to the uniformly distributed projections and it requires
that the projection views number be non-prime. The GR can also be applied to the angle [0, π)
or [0, 2π), however this method leads the non-uniformed projection distribution and it is diﬃcult
to apply this method to the given non-uniformed projection views. The WDS optimizes the
selection in a global sense and considers the projection selection at iteration boundaries, however,
it is only applicable to the case that the projections distributed uniformly in the angle [0, π).
Compared with the four systems, the RAS can be applied in any angle interval, and its extension
to non-uniform projection views is straightforward. The aim of this paper is to extend the WDS
to the case of uniform and non-uniform projection sampled in the interval [0, 2π) and evaluate
the improved WDS (IWDS) versus the sequential access (SAS) and RAS for cone-beam x-ray
computed tomography reconstruction, for the case of circular acquisition.
Andersen and Kak showed that the quality of the reconstruction could be signiﬁcantly improved
if the image is updated using per projection image instead of projection ray [12]. Further more,
Guan and Gordon concluded that reordering the rays in each view would have little eﬀect on the
convergence performance [9]. So the analysis of the new projection ordering scheme is performed
using simultaneous ART (SART), in which all ray in a given projection are calculated and used
for each update step.
This paper is organized as follows. A brief review of SART is given in Section 2. The WDS and
the proposed IWDS are introduced in Section 3. Section 4 describes the experiments, quantitative
evaluation metric, and the results. The conclusion is given in Section 5.

2

Reconstruction Algorithm

The image reconstruction problem in CT can be modeled by the following equation
AX = Y,

(1)

where Y = (yi )I×1 ∈ RI is the projection data, X = (xj )J×1 ∈ RJ is the image vector, and
A = (aij )I×J is the projection matrix, aij is the length of the intersection of the j-th voxel
with projection ray i. Most of the voxels are not traversed by ray i, so A is quiet sparse. The
problem is to reconstruct the X from the Y . A direct solution might be infeasible, because of the
ill-conditioning problem.
The SART algorithm provides an eﬃcient iterative way to solve the linear symstems of Eq. (1).
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It can be written as
(k+1)

xj

1
(k)
= xj + λk · ∑
aij
i∈Pl

∑

yi −

i∈Pl

J
∑

(k)

aij xj

j=1
J
∑

· aij ,

(2)

aij

j=1

where λk is the relaxation parameter and Pl is the projection image at (l + 1)-th view.
Since the SART is proposed in 1984 [12], it remains a powerful tool for iterative reconstruction
and has been used a number of studies with impressive results [13–17].

3

Projection Ordering Systems

3.1

Weighted distance scheme

In 1997, Klaus Mueller proposed a globally optimizing projection ordering method for ART, i.e.,
WDS. The WDS optimizes the angular distance of a newly selected projection with respect to
the complete sequence of all previously applied projections and guarantees a smooth transition
between iterations.
In the WDS, the projection views [P0 , P1 , · · · , PM −1 ] are assumed to be distributed uniformly
in the interval [0, π) by an angle φ = π/M , where M is the total number of the projection views.
All projection views are ﬁrst stored in set Λ, and the newly selected projection will be stored
one by one in a circular queue Θ. When a projection Pi is selected from Λ, it is removed from Λ
and inserted into Θ. Usually, the ﬁrst element of Θ is the projection at orientation angle φ = 0,
i.e. P0 . The length S of queue Θ means a projection’s inﬂuential power fades to zero after S
more projections have been selected. In this paper, the length S equals M . Let Q denote the
number of projections currently in Θ. If Q < S, subsequently used projections are added to
consecutive positions in Θ. If Q = S, the oldest projection in Θ is overwritten by the newly
selected projection and ceases to inﬂuence the selection process.
The weighted mean of the repulsive forces acting on a projection Pl , denoted by µl , is given by
Q−1
∑
wq ( S2 − dlq )
q=0
µl =
,
(3)
Q−1
∑
wq
q=0

where dlq = min(|l − q|, S − |l − q|) denoting the minimal distance of two projections Pl and Pq ,
and a weight factor wq = (q +1)/Q ensures that projections applied more recently have a stronger
repulsive eﬀect than the projections applied earlier in the reconstruction procedure.
The weighted standard deviation of the distances dlq , denoted by σl , is given by
v
u Q−1
u∑
u
w (d − dl )2
u q=0 q lq
σl = u
,
u
Q−1
∑
t
wq
q=0

(4)
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∑

d

where dl = Q lq . Maintaining a small σl of the projection distances prevents projections from
clustering into groups of angular viewing ranges.
Finally, µl and σl are normalized to a range of [0, 1], by
µl − min(µk )
k∈Λ
µel =
,
max(µk ) − min(µk )
k∈Λ

σel =

k∈Λ

σl − min(σk )
k∈Λ

max(σk ) − min(σk )
k∈Λ

,

(6)

k∈Λ

The objective function used to select the next projection from Λ is deﬁned as
Dl = σel 2 + 0.5 · σel 2 ,
then, the next projection selected from Λ should satisfy
min(Dl ),
l∈Λ

3.2

(5)

(7)

(8)

Improved WDS

One contribution of this paper is to extend the using range of the WDS from [0, π) to [0, 2π)
and from uniform projection to non-uniform projection distributions. In the following, we ﬁrstly
explain the concepts of uniform projection and non-uniform projection distributions.
Supposing the projections [P0 , P1 , · · · , PM −1 ] are sampled in the interval [0, 2π), let
∆φi = radian(Pi+1 ) − radian(Pi ), (0 ≤ i ≤ M − 2), ∆φM −1 = 2π − radian(PM −1 )

(9)

where radian(Pi ) is the orientation angle of the projection view Pi .
If ∆φi (0 ≤ i ≤ M − 1) all equal, namely,
∆φ0 = ∆φ1 = · · · = ∆φM −2 = ∆φM −1 ,

(10)

then the projections are distributed uniformly in [0, 2π).
If not all ∆φi (0 ≤ i ≤ M − 1) equal, then the projections are distributed non-uniformly in
[0, 2π).
A graph showing a sketch of the uniform and non-uniform projection distributions sampling in
[0, 2π) is given in Fig. 1.
In the original WDS, the projections are assumed to be distributed uniformly in the interval
[0, π). So the minimal distance of two projections Pl and Pq can be computed by the diﬀerence
of the index of the projections. However, it is illogical when the projection views are distributed
non-uniformly. From Fig. 1(b), we see the geometric position of one projection can be denoted by
the orientation angle of this projection. So the minimal distance dlq between the two projections
is redeﬁned as the acute angle between the direction of two projection


|rl − rq |,
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(b)

Fig. 1: The sketch map of (a) uniform projection and (b) non-uniform projection distributions sampling
in [0, 2π)

where rl and rq denotes the orientation angle of the projection views Pl and Pq , respectively,
l, q = 0, 1, · · · , M − 1 .
Because a larger spacing of two projections results in a smaller repulsive force, the weighted
mean µl of the repulsive forces acting on a projection Pl is redeﬁned as
∑

Q−1

µl =

ωq cos(dlq ), q ∈ Θ, l ∈ Λ,

(12)

q=0

where ωq =

(q+1)
∑Q
q=0 i

=

wq
∑Q−1
q=0

wq

, which is similar to wq . A small cosine of the radian diﬀerence

between the two projections means a large space of two projections.
The weighted standard deviation of the distances dlq is
v
uQ−1
u∑
wq (dlq − dl )2 , q ∈ Θ, l ∈ Λ,
σl = t

(13)

l=0
∑

where dl =

dlq
.
Q

Then, the next projection view selected from Λ should still satisfy:
min(Dl ) = 0.5 · µ
e2l + 0.5 · σ
el2 ,
l∈Λ

(14)

The computation for µ
el and σ
el is same as (5), (6). Experiments indicate that a factor of 0.5 to
weigh µ
e2l and σ
el2 yields ideal results for cone-beam x-ray CT reconstruction for the case of circular
acquisition.
The projections are distributed in [0, 2π), making it possible that there are two projections in
Λ satisfying (14) simultaneously, for example, in Fig. 1(a), projections P3 and P8 could satisfy
(14) at the same time. Considering that selected projections should be distributed as uniformly
as possible, the next projection should satisfy minimizing the asymmetry of the radian of the
elements in Θ, i.e.,
min |skewness(rΘ[1] , rΘ[2] , · · · , rΘ[Q] , rk[i] )|,

i=1,2

(15)

where rΘ[j] denotes the radian of j-th element in Θ, and rk[i] denotes the radian of projection ki .
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The proposed method can be applied to angle [0, 2π) by adding an objective function (15) and
can be applied to non-uniform projections by modifying the minimal distance dlq between the
two projections.

4

Simulation Study

The 3D 128 × 128 × 128 voxels Shepp-Logan model is selected as the test model. Considering
that PND and GR are diﬃcult to be modiﬁed for dealing with the given non-uniform projection
sampling, in the experiments, we compare IWDS with SAS and RAS.
To verify the validity of IWDS, two sets of experiments are conducted to implement the comparative studies. In the ﬁrst experiment, 360 projection views are distributed uniformly in angle
[0, 2π). In the second experiment, 210 projection views are distributed non-uniformly in angle
[0, 2π), in which the angle interval between the two projections is 1.5◦ in [0, π) and 2◦ in [π, 2π)
respectively.
We use a circular orbit to acquire the projection views [P0 , P1 , · · · , PM −1 ]. The detector plane
contains 160 × 160 detection channels. The distance from source to detector plane equals to
1,000 pixels and the distance from source to centre of rotation equals to 700 pixels. To eliminate
the eﬀects of another variable in the comparative process, we used a ﬁxed value of λk = 0.3
throughout the reconstruction procedure.
In order to compare IWDS with other ordering systems, the normalized mean square error(NRMSE)
v
u∑
u J (x − x
bi )2
u
i
u i=1
N RM SE = u J
(16)
t∑
(xi − x)2
i=1

is calculated, where xi refers to the i-th voxel value in the true image, x
bi represents the value of
voxel i in the reconstructed image and x represents the image average value in the true image.
This measure quantiﬁes the overall diﬀerence between the reconstructed image and the true image,
and can be used to evaluate the convergence rate of the algorithm.
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Fig. 2: The NRMSE as a function of iterations for uniform projection distributions
Fig. 2 gives the plots of the NRMSE as a function of the iteration number when the 360
projection views are distributed uniformly in angle [0, 2π). Clearly, SAS yields larger NRMSE
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than other two orders at any number of iterations and IWDS is slightly superior to RAS in
convergence speed. It implies that reasonable adjustment of the projection views can accelerate
the speed of the reconstruction.

(a) SAS

(b) RAS

(c) IWDS

Fig. 3: Reconstruction results at the central location of three diﬀerent axes after two iterations for
uniform projection distributions

The three central slices of the reconstruction after two iterations using the three projection
ordering schemes are shown in Fig. 3. The graph clearly shows the quality of the image reconstructed by SAS is worse than that reconstructed by RAS and IWDS, since there are some visible
low-frequency artifacts in Fig. 3(a).
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Fig. 4: The NRMSE as a function of iterations for non-uniform projections sampling in angle [0, 2π]
The NRMSE and the images reconstructed from non-uniform projection distributions are shown
in Fig. 4-5. Fig. 4 shows that the IWDS method is superior to SAS and slightly excellent
than RAS in the convergence speed. From Fig. 5(a), we can see there is some visible lowfrequency artifact in central slices reconstructed by SAS. And the artifacts slowly decrease at
higher iterations.
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(a) SAS

(b) RAS

(c) IWDS

Fig. 5: Reconstruction results at the central location of three diﬀerent axes after two iterations for
non-uniform projection distributions

5

Conclusion

In this study, an improved WDS which extends the applying scale of the WDS is proposed. This
method extends original WDS’s using range from [0, π) to [0, 2π) and from uniform projection
to non-uniform projection distributions. The validity of the new method for cone beam CT is
evaluated with the 3D Shepp-Logan model by image quality comparison and numerical measures.
Compared with the three systems, RAS and IWDS can be applied to angle [0, 2π), and are
insensitive to the distribution of the projections. Furthermore, IWDS is more controllable and
deterministic than RAS.
Although results have been obtained only for ART, it is anticipated that other iterative reconstruction algorithms such as OS-type methods [18-20] will act likely. And the proposed method
can also be applied to spiral cone-beam CT.
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